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REMARK ON THE OFF-DIAGONAL EXPANSION OF THE BERGMAN KERNEL ON
COMPACT KA¨HLER MANIFOLDS
XIAONAN MA AND GEORGE MARINESCU
ABSTRACT. In this short note, we compare our previous works on the off-diagonal expan-
sion of the Bergman kernel and the recent preprint of Lu-Shiffman (arxiv.1301.2166). In
particular, we note that the vanishing of the coefficient of p 1=2 is implicitly contained in
Dai-Liu-Ma’s work [2] and was explicitly stated in our book [4].
In this short note we revisit the calculations of some coefficients of the off-diagonal
expansion of the Bergman kernel from our previous works [4, 5].
Let (X;!) be a compact Ka¨hler manifold of dimCX = n with Ka¨hler form !. Let
(L; h
L
) be a holomorphic Hermitian line bundle on X, and let (E; hE) be a holomorphic
Hermitian vector bundle onX. LetrL,rE be the holomorphic Hermitian connections on
(L; h
L
), (E; hE) with curvatures RL = (rL)2, RE = (rE)2, respectively. We assume that
(L; h
L
;r
L
) is a prequantum line bundle, i.e., ! =
p
 1
2
R
L. Let P
p
(x; x
0
) be the Bergman
kernel of Lp 
 E with respect to hL; hE and the Riemannian volume form dv
X
= !
n
=n!.
This is the integral kernel of the orthogonal projection from C1(X;Lp 
E) to the space
of holomorphic sections H0(X;Lp 
 E) (cf. [4, §4.1.1]).
We fix x
0
2 X. We identify the ball BTx0X(0; ") in the tangent space T
x
0
X to the
ball BX(x
0
; ") in X by the exponential map (cf. [4, §4.1.3]). For Z 2 BTx0X(0; ") we
identify (L
Z
; h
L
Z
), (E
Z
; h
E
Z
) to (L
x
0
; h
L
x
0
), (E
x
0
; h
E
x
0
) by parallel transport with respect to
the connections rL, rE along the curve 
Z
: [0; 1℄ 3 u ! exp
X
x
0
(uZ). Then P
p
(x; x
0
)
induces a smooth section (Z;Z 0) 7! P
p; x
0
(Z;Z
0
) of End(E) over f(Z;Z 0) 2 TX 
X
TX : jZj; jZ
0
j < "g, which depends smoothly on x
0
, with  : TX 
X
TX ! X the
natural projection. If dv
TX
is the Riemannian volume form on (T
x
0
X; g
T
x
0
X
), there exists
a smooth positive function 
x
0
: T
x
0
X ! R, defined by
(1) dv
X
(Z) = 
x
0
(Z)dv
TX
(Z); 
x
0
(0) = 1:
For Z 2 T
x
0
X

=
R2n, we denote z
j
= Z
2j 1
+
p
 1Z
2j 1
its complex coordinates, and set
(2) P(Z;Z 0) = exp

 

2
n
X
i=1

jz
i
j
2
+ jz
0
i
j
2
  2z
i
z
0
i

:
The near off-diagonal asymptotic expansion of the Bergman kernel in the form estab-
lished [4, Theorem 4.1.24] is the following.
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Theorem 1. Given k;m0 2 N,  > 0, there exists C > 0 such that if p > 1, x
0
2 X,
Z;Z
0
2 T
x
0
X, jZj; jZ 0j 6 =
p
p,
(3)




1
p
n
P
p
(Z;Z
0
) 
k
X
r=0
F
r
(
p
pZ;
p
pZ
0
)
 
1
2
(Z)
 
1
2
(Z
0
)p
 
r
2




Cm
0
(X)
6 Cp 
k+1
2
:
where Cm
0
(X) is the Cm
0
-norm with respect to the parameter x
0
,
F
r
(Z;Z
0
) = J
r
(Z;Z
0
)P(Z;Z
0
);(4)
J
r
(Z;Z
0
) 2 End(E)
x
0
are polynomials in Z;Z 0 with the same parity as r and deg J
r
(Z;Z
0
) 6
3r, whose coefficients are polynomials in RTX (the curvature of the Levi-Civita connection
on TX), RE and their derivatives of order 6 r   2.
Remark 2. For the above properties of J
r
(Z;Z
0
) see [4, Theorem4.1.21 and end of
§4.1.8]. They are also given in [2, Theorem 4.6, (4.107) and (4.117)]. Moreover, by
[4, (1.2.19) and (4.1.28)],  has a Taylor expansion with coefficients the derivatives of
R
TX . As in [4, (4.1.101)] or [5, Lemma 3.1 and (3.27)] we have
(Z)
 1=2
= 1 +
1
6
Ri(z; z) + O(jZj
3
) = 1 +
1
3
R
`kkq
z
`
z
q
+ O(jZj
3
):
(5)
Note that a more powerful result than the near-off diagonal expansion from Theorem 1
holds. Namely, by [2, Theorem4.18’], [4, Theorem 4.2.1], the full off-diagonal expansion
of the Bergman kernel holds (even for symplectic manifolds), i.e., an analogous result to
(3) for jZj; jZ 0j 6 ". This appears naturally in the proof of the diagonal expansion of the
Bergman kernel on orbifolds in [2, (5.25)] or [4, (5.4.14), (5.4.23)].
Proposition 3. The coefficient F
1
vanishes identically: F
1
(Z;Z
0
) = 0 for all Z;Z 0. There-
fore the coefficient of p 1=2 in the expansion of p nP
p
(p
 1=2
Z; p
 1=2
Z
0
) vanishes, so the latter
converges to F
0
(Z;Z
0
) at rate p 1 as p!1.
Proof. This is [4, Remark 4.1.26] or [5, (2.19)], see also [2, (4.107), (4.117), (5.4)]. 
When E = C with trivial metric, the vanishing of F
1
was recently rediscovered in [3,
Theorem2.1] (b
1
(u; v) = 0 therein). In [3] an equivalent formulation [6] of the expan-
sion (3) is used, based on the analysis of the Szego¨ kernel from [1]. In [3, Theorem2.1]
further off-diagonal coefficients F
2
, F
3
, F
4
are calculated in the K-coordinates. From
[5, (3.22)], we see that the usual normal coordinate is at least a K-coordinate at order
3, this explains the vanishing of F
1
implies the vanishing of b
1
inK-coordinates. We wish
to point out that we calculated in [5] the coefficients F
1
; : : : ;F
4
on the diagonal, using
the off-diagonal expansion (3) and evaluating F
r
for Z = Z 0 = 0. Thus, off-diagonal for-
mulas for F
1
; : : : ;F
4
are implicitly contained in [5]. We show below how the coefficient
F
2
can be calculated in the framework of [5].
We use the notation in [5, (3.6)], then r = 8R
mqqm
is the scalar curvature.
Proposition 4. The coefficient J
2
in (4) is given by
J
2
(Z;Z
0
) = 

12
R
km`q

z
k
z
`
z
m
z
q
+ 6z
k
z
`
z
0
m
z
0
q
  4z
k
z
`
z
m
z
0
q
  4z
k
z
0
`
z
0
m
z
0
q
+ z
0
k
z
0
`
z
0
m
z
0
q

 
1
3
R
kmqq
(z
k
z
m
+ z
0
k
z
0
m
) +
1
8
r +
1

R
E
qq
 
1
2

z
`
z
q
  2z
`
z
0
q
+ z
0
`
z
0
q

R
E
`q
:
(6)
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Remark 5. Setting Z = Z 0 = 0 in (6) we obtain the coefficient b
1
(x
0
) = J
2
(0; 0) =
1
8
r +
1

R
E
qq
of p 1 of the (diagonal) expansion of p nP
p
(x
0
; x
0
), cf. [4, Theorem4.1.2].
Moreover, in order to obtain the coefficient of p 1 in the expansion (3) we multiply
F
2
(
p
pZ;
p
pZ
0
) to the expansion of (Z) 1=2(Z 0) 1=2 with respect to the variable
p
pZ
obtained from (5). If E = C the result is a polynomial which is the sum of a homoge-
neous polynomial of order four and a constant, similar to [3].
Proof of Proposition 4. Set
b
i
=  2

z
i
+ z
i
; b
+
i
= 2

z
i
+ z
i
; L =
n
X
i=1
b
i
b
+
i
;
f
O
2
=
b
m
b
q
48
R
km`q
z
k
z
l
+
b
q
3
R
`kkq
z
`
 
b
q
12
R
km`q
z
k
z
`
z
0
m
:
(7)
By [4, (4.1.107)] or [5, (2.19)], we have
(8) F
2; x
0
=  L
 1
P
?
O
2
P  PO
2
L
 1
P
?
:
By [5, (4.1a), (4.7)] we have
(L
 1
P
?
O
2
P)(Z;Z
0
) = (L
 1
O
2
P)(Z;Z
0
) =

f
O
2
+
b
q
4
R
E
`q
z
`

P(Z;Z
0
):
(9)
By the symmetry properties of the curvature [5, Lemma3.1] we have
R
km`q
= R
`mkq
= R
kq`m
= R
`qkm
; R
km`q
= R
mkq`
; (R
E
kq
)

= R
E
qk
:(10)
We use throughout that [g(z; z); b
j
℄ = 2

z
j
g(z; z) for any polynomial g(z; z) (cf. [5,
(1.7)]). Hence from (10), we get
b
q
R
kk`q
z
`
= R
kk`q
z
`
b
q
  2R
kkqq
;
b
q
R
km`q
z
k
z
`
=  4R
kmqq
z
k
+R
km`q
z
k
z
`
b
q
;
b
m
b
q
R
k
m
`
q
z
k
z
l
= R
k
m
`
q
z
k
z
l
b
m
b
q
  8R
kk`q
z
`
b
q
+ 8R
m
m
q
q
:
(11)
Thus from (7) and (11), we get
f
O
2
=
1
48
R
km`q
z
k
z
l
(b
m
  4z
0
m
)b
q
+
1
6
R
kk`q
z
`
b
q
 
1
2
R
mmqq
+
1
3
R
kmqq
z
k
z
0
m
:
(12)
Now, (b
i
P)(Z;Z 0) = 2(z
i
  z
0
i
)P(Z;Z 0), see [4, (4.1.108)] or [5, (4.2)]. Therefore
(
f
O
2
P)(Z;Z
0
) =


12
R
km`q
z
k
z
l
(z
m
  3z
0
m
)(z
q
  z
0
q
) +
1
3
R
kk`q
z
`
(z
q
  z
0
q
)
 
1
2
R
mmqq
+
1
3
R
kmqq
z
k
z
0
m

P(Z;Z
0
)
=


12
R
km`q
z
k
z
`
(z
m
  3z
0
m
)(z
q
  z
0
q
) +
1
3
R
kmqq
z
k
z
m
 
1
2
R
mmqq

P(Z;Z
0
):
(13)
We know that for an operator T we have T (Z;Z 0) = T (Z 0; Z), thus
(
f
O
2
P)

(Z;Z
0
) =


12
R
k
m
`
q
z
0
m
z
0
q
(z
0
k
  3z
k
)(z
0
`
  z
`
) +
1
3
R
k
m
q
q
z
0
m
z
0
k
 
1
2
R
m
m
q
q

P(Z;Z
0
):
(14)
We have (PO
2
L  1P?) = L  1P?O
2
P by [4, Theorem4.1.8], so from (13) and
(14), we obtain the factor of R
km`q
in (6).
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Let us calculate the contribution of the last term (curvature of E). We have
(15)  

b
q
4
R
E
`q
z
`
P

(Z;Z
0
) =

1
2
R
E
qq
 
1
2
z
`
(z
q
  z
0
q
)R
E
`q

P(Z;Z
0
):
and by (10), we also have
(16)  

b
q
4
R
E
`q
z
`
P


(Z;Z
0
) =

1
2
R
E
qq
 
1
2
z
0
`
(z
0
q
  z
q
)R
E
q`

P(Z;Z
0
):
The contribution to J
2
of the term on E is thus given by the last two terms in (6). 
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